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Shear-driven segregation of dense granular mixtures has been associated with a number of interesting pattern
formation problems. We use experimental and computational split-bottom cells to isolate segregation effects
associated with shear gradients from those associated with gravity. We find the effect of shear gradients much
less dramatic than initial observations of segregation suggest. While a segregation pattern emerges in a circular
split-bottom cell that appears coincident with the shear gradient, we find the pattern is orthogonal to the active
segregation flux. We measure a toroidal convection roll that, in conjunction with gravity-driven segregation, is
likely responsible for the dramatic horizontal segregation pattern. On the other hand, computational results
from a parallel split-bottom cell indicate a subtle segregation flux associated with the shear gradient. The nature
of the driving mechanism is unknown. A current predictive form of kinetic theory based on binary collisions
dominating the particle dynamics predicts segregation in the opposite direction from observed trends. This
indicates the direction of shear-driven segregation depends on the nature of the flow itself, collisional or
frictional.
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I. INTRODUCTION

Particle mixtures will self-sort by size, density, and other
particle property when disturbed. This is an important prob-
lem for industries that need to have particles well-mixed or,
at the very least, need a method for predicting the local dis-
tribution when they will not be well-mixed. In systems of
higher solids fraction, gravity-driven segregation has been
well documented in dense sheared granular flow �1,2�. This
has led to segregation patterns ranging from snout formation
in debris flows �1� to radial segregation �3� and more com-
plex segregation patterns �4� in a rotating drum.

There have been a number of modeling techniques used
for gravity-induced segregation in dense systems �1,3,5�. The
most successful predictive formulation involves an empirical
segregation model superposed on a continuum model for the
average flow �1–4�. However, this method depends on an
accurate segregation model. For segregation arising from
gravity �often associated with kinetic sieving and squeeze-
expulsion mechanisms as in �5��, a model for segregation for
particle size has been derived based on a distribution of pres-
sures within a mixture that depends on particle size by Gray
and colleagues �1,2�. Despite evidence of shear-associated
segregation effects in both dilute and dense granular mix-
tures, there is no shear-driven segregation model analogous
to the one for gravity-driven segregation for dense flows.
Further, reports of shear-induced segregation effects in dense
sheared flows are contradictory, with some reports of large
particles gathering in high shear regions �6,7� and some re-
ports of large particles repelled from high shear regions �8�.

In contrast, reports of shear-induced segregation effects in
dilute energetic granular mixtures are quite consistent. Physi-
cal and computational experiments show effects related to a
shear gradient drive all particles to regions of low shear rate,
though the larger particles are driven there faster, thus seg-
regating from the mixture �e.g., �9–11��. Within the frame-
work of kinetic theory, several have derived explicit expres-
sions for segregation in terms of external forces �e.g.,

gravity� and interactions between particles that depend ex-
plicitly only on the gradient of granular temperature, species
concentrations, and particle properties �e.g., size and density�
�12–19�. In the case of sheared granular mixtures, the shear
gradient and boundary effects give rise to a granular tem-
perature gradient, i.e., a gradient in the kinetic energy asso-
ciated with the variance of the velocities. Kinetic theory suc-
cessfully models the segregation according to granular
temperature gradient associated with the shear gradient.
However, Xu et al. �11� showed that kinetic theory overesti-
mates segregation once the solids fraction is significantly
more than 30% and likely needs be modified to better model
segregation in denser systems. We address these limitations
in our analysis and in the summary section.

In concentrated suspensions and slurries, where both
particle-particle and particle-fluid interactions are important,
reports of shear-induced segregation effects are similar to
those from sparse dry granular mixtures. Specifically, all par-
ticles migrate to regions of lower shear rate �20,21�, while
larger particles segregate to the region of lower shear rate
faster �22�. Leighton and Acrivos �20,21� developed a theo-
retical framework for the migration process, later modified to
account for the curvature-induced migration observed by
Krishnan et al. �23�. In contrast with kinetic theory, a statis-
tical model based on binary particle collisions, they devel-
oped a macroscopic shear-induced diffusion model, where
the diffusion coefficient depends both on local shear rate and
particle size. The general prediction from both frameworks is
the same, however, with large particles migrating to a region
of lower shear rate. Results are similar for a granular slurry,
where particles are denser than the interstitial fluid. Barentin
et al. �24� attributed the segregation in slurries to the same
shear-induced diffusion effect proposed by Krishnan et al.
�23�.

While there have been relatively consistent reports for
shear-induced segregation of different-sized particles in di-
lute dry systems and in suspensions and slurries, the reports
of analogous segregation in dry dense granular mixtures are
somewhat more varied. Bridgwater and colleagues per-
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formed some of the earliest experiments used to study shear-
induced size segregation in dry dense granular mixtures
�6,7,25�. They found that in an annular shear cell where the
shear is greatest in the middle of the cell �6�, large particles
move to the region of highest shear rate, directly opposite the
trend observed in dilute systems, in suspensions, and in slur-
ries. They found similar results in a reciprocating simple
shear cell with flexible walls �7�. Whether the shear gradient
increased or decreased in the direction of gravity, they found
that the large particles moved to the region of larger shear
rate. Bridgwater attributed the shear-induced segregation to
the gradient of solids fraction induced by the shear gradient.
They hypothesized that the higher shear rate gave rise to a
higher frequency of voids, increasing the diffusive motion of
large particles to a higher shear rate �6,7�.

Other observations of segregation in dense flows have
been associated shear gradients and granular temperature
gradients. Recently, Rietz and Stannarius �8� studied the ki-
nematics of mixtures and their segregation properties in a
long thin rectangular box rotated horizontally about its long
axis. In these systems, the authors reported persistent con-
vection rolls in the plane of the box and segregation patterns
associated with these convection rolls. In this case, small
particles accumulated on the outer edge of the convection
rolls, associated with the largest shear gradients in the sys-
tem, in contrast to the segregation observations reported by
Bridgwater and colleagues �6,7�. In another rotating system,
this a long horizontal drum, Zuriguel et al. �26� studied the
dynamics of relatively few large particles in a matrix of
small particles when rotated in a long horizontal drum. In
this case, the proximity of large particles altered the local
velocity and granular temperature gradients, which them-
selves gave rise to segregation effects that varied with the
rotation speed of the drum. At lower speeds, the proximity of
two large particles resulted in a region of relatively low
granular temperature between them. The large particles then
migrated to this low temperature region, segregating from
the small particle matrix. The dynamics reversed at higher
speeds when the temperature gradients were small.

To summarize, while many have observed rather consis-
tent shear-induced segregation trends in sparse dry granular
systems, suspensions and slurries, to this point, shear-
induced segregation trends in denser dry systems appear
somewhat inconsistent. Further, there is no clear physical or
mathematical framework to explain how the gradient of
shear rate may give rise to size segregation in dense flow,
whether there is a single mechanism such as a gradient in
granular temperature or pressure, or whether there are mul-
tiple mechanisms which dominate for different phases of
granular flow. Part of the difficulty in developing an appro-
priate theory lies in the lack of an appropriate geometry for
isolating shear gradients from other segregation effects. In
typical experimental systems designed to study segregation
in dense granular flow such as chutes and rotated drums,
gravity, velocity gradients, and porosity gradients �and other
effects� coexist in the direction of segregation.

In this paper, we describe physical and computational ex-
periments used to study shear-induced segregation in dense
sheared mixtures in a split-bottom cell. The split-bottom cell
gives rise to a shear gradient and associated temperature gra-

dient normal to gravity. In Sec. II we describe our observa-
tions of segregation parallel to the shear gradient in an ex-
perimental split-bottom cell. In Sec. III we describe our
computational experiments designed to study shear-induced
segregation effects in split-bottom cells with and without
curvature and to better understand the kinematics associated
with these segregation observations. In Sec. IV, we compare
some predictions from the framework of kinetic theory to our
segregation results. We will conclude with a summary and
discussion in Sec. V.

II. PHYSICAL EXPERIMENTS

Our experimental apparatus is the circular split-bottom
cell described previously in Ref. �27� �see Fig. 1�a��. In this
system, the gradient of the shear rate is primarily perpendicu-
lar to gravity. The outer radius of our cell Ro=145 mm, and
the base is split at radius r=Rs=121 mm. The outer part of
the base is fixed to the vertical cylinder walls, and the inner
disk rotates at an angular velocity �=0.01 rev /sec. The
boundary friction is controlled using a layer of 2 mm glass
particles glued to the base of the cell. We fill the cylinder
with particles to a height H�0.45Rs. As first shown in Ref.
�28�, at these filling levels, a cylindrically symmetric, verti-
cal shear band is produced in the bulk of the granular mate-
rials. Near the base the shear band is narrow and centered at
the split; with increasing distance from the bottom z, the
band shifts inward slightly, and its width increases �Fig.
1�b��. At any particular distance from the base of the cell z,
the angular velocity profiles can be fit by an error function,
and the shear rate is largest at the middle of the shear band

FIG. 1. �Color online� Experimental apparatus and bulk segre-
gation. �a� Sketch of the experimental circular split-bottom cell. �b�
Sketch of a vertical and radial cross section of a typical experiment,
where the shear zone is indicated by the darkened region. �c� Sketch
of the final bulk segregation pattern in a binary mixture of different-
sized particles after 300 revolutions of the base. �d� The same as �c�,
though the initial conditions include a cap of the larger particles of
thickness �h on top of the mixture. �e�–�h� Photographs taken at
various depths of a system of 1 mm �white� and 2 mm �dark, or blue
online� glass beads after an experiment such as that shown in Fig.
1�d� is performed, where H=55 mm, and �h=15 mm. The pic-
tures are taken after 300 revolutions of the base for heights above
the bottom �e� z=40 mm; �f� z=30 mm; �g� z=20 mm; �h� z
=10 mm. The dashed lines represent the center of shear zone at
each height, also the region of highest shear rate, as calculated
using Eq. �1�.
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Rc�z� �29–31�, where Unger et al. �32� showed

z = H − Rc�1 − Rs/Rc�1 − �H/Rs�2.5��0.4. �1�

Previously �27�, we found that when mixtures of different-
sized particles were sheared as described above, the large
particles segregated to the top of the shear band within a few
rotations forming a cap of segregated large particles of thick-
ness approximately ten times the average particle diameter in
the mixture. The rest of the shear band remains mixed over a
longer period of time �10’s of rotations�. We then changed
the initial conditions to one where the mixture was capped
with large particles of a thickness approximately ten times
the average particle diameter in the mixture. In this way, we
moved any surficial effect on segregation away from the
mixture. In this case, the mixture did not appear to segregate.
We attributed these observations to the possibility that verti-
cal segregation driven by gravity was facilitated by large
porosity or porosity gradients, without which gravity-driven
segregation will be greatly slowed or eliminated. In both
cases, this leaves a mixture in the bulk sheared primarily in
the horizontal direction.

To investigate segregation driven by horizontal shear gra-
dients within the bulk we perform both types of experiments
described above �with and without the cap of large particles
atop the mixture� for a much longer duration using binary
mixtures of glass particles of diameters 1, 2, or 3 mm. We
investigate the evolution of segregation in the bulk by run-
ning several consecutive experiments of increasing duration.
After each run of progressively longer duration �of approxi-
mately 1/2 hour intervals�, we remove the layers of particles
incrementally and note the segregation state at each depth as
in Ref. �27�. Then we remix the particles and restart the
experiment. Each run is repeated at least three times to as-
sure reproducibility of experimental results.

After approximately thirty revolutions, in addition to ver-
tical segregation, the particles within the bulk begin to seg-
regate in the radial direction, in other words, in the direction
of the horizontal shear gradient. A cylindrical shell of small
particles forms within the shear band at smaller radii, and a
band of large particles occupies the outer part of the shear
band. This horizontal segregation is a much slower process
than vertical gravity-driven segregation and appears to reach
a steady state after over one hundred revolutions. The final
segregation patterns from the two types of experiments, with
and without the initial cap of large beads, are sketched in
Figs. 1�c� and 1�d�.

Figure 1�e�–1�h� are photographs taken from above one
experiment �such as that illustrated in Fig. 1�d�� during the
bulk excavation process. Heights for each are specified in the
figure caption. For the top three positions �Figs. 1�e�–1�g��,
there are four cylindrical shells of different phases of the
mixture: at smaller radii where the shear rate is negligible
during the experiment, the system remains mixed. At inter-
mediate radii, a lighter band of small particles is noticeable.
At larger radii, a darker band of larger particles is visible in
the region of the shear band, and at the largest radii, adjacent
to the outer wall, the system is mixed. At the lowest position
�Fig. 1�h�� very few large particles are visible, presumably
due to vertical segregation of the large particles away from

the bottom. At this point, we only see small particles
throughout the shear band and only the mixed phase in the
inner and outer region.

Dashed lines shown in Figs. 1�e�–1�h�, denote the centers
of shear zone, the region of the highest shear, as calculated
by Eq. �1�. We note that rather than indicating that the small
particles or large particles segregate to a higher or lower
shear rate, these results indicate that the bands of small and
large particles are separated approximately by Rc, the loca-
tion of the highest shear rate.

While the horizontal segregation patterns in our experi-
ments indicate shear-induced segregation patterns, the results
are markedly different from previous observations of shear-
induced size segregation in dense flow. In our system, the
highest shear rate marks the border between segregated small
and large particles. Others have found either large �6,7� or
small �8� particles segregate to higher shear rate. To more
easily investigate the reasons for these discrepancies, we use
computational simulations where more detailed information
such as the species concentrations, velocities, and granular
temperatures are available.

III. COMPUTATIONAL EXPERIMENTS

We use the discrete �or distinct �33�� element method
�DEM� with a “soft sphere” interparticle force model �34,35�
in our computational experiments. The particles are 2 and 3
mm spheres with similar properties to glass, though they are
softened slightly reduce the computational time �36�. To
avoid crystallization, the radii of each size of particle are
slightly polydisperse �10% of the average radii�. We perform
computational experiments in two geometries, illustrated in
Figs. 2�a� and 2�b�. The first, a circular split-bottom cell �Fig.
2�a�� is similar to the experiment, but an inner wall is used to
reduce computational cost and to avoid a singularity problem
in the center of cylinder. The radius of inner wall Ri
=95 mm. Additionally, only a sector of the circular split-
bottom cell is simulated; the boundaries are periodic in the
azimuthal direction. The solid angle � was chosen to be
large enough so the results were not influenced by this: �
=12°. The outer radius Ro and the radius of the split Rs are
the same as those in the experiments: Rs=121 mm and Ro
=145 mm. The ratio between the radius of the inner and
outer walls Ri /Ro is similar to that in Refs �28,29�.

The second geometry simulated is a parallel split-bottom
cell �Fig. 2�b��, similar to that of Ries et al. �38�. In this

FIG. 2. Sketches of the setup for the simulations. �a� Circular
split-bottom cell. �b� Parallel split-bottom cell. �c� Sketch of a cross
section of a typical computational experiment in the parallel cell.
The shear zone is indicated by the darkened region.
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setup, the bottom of an open rectangular box is split at the
center. The side and bottom walls move in opposite direc-
tions, each at us=0.01 m /s along the split. Periodic bound-
aries are applied in the shear direction. While the shear band
is in many ways similar to that in the circular split-bottom
cell, the shear band in the parallel split-bottom cell is sym-
metric and the center of the shear band at all depths is lo-
cated at the center plane of the cell �Fig. 2�c��. Using this in
conjunction with the circular split-bottom cell allows us to
investigate the effect of curvature on segregation. Several
trial runs were performed where the width Ly and length Lx
were varied to ensure that system size effects are eliminated.
Based on our results and those described in Ref. �38�, we
chose Ly =50 mm and Lx=21 mm.

In both the circular and parallel split-bottom cell, a layer
of small particles is “glued” to the bottom, as in the physical
experiment, to control boundary friction. We fill both cells to
a height H=30 mm. To save computational cost the shear
rates are increased slightly from that of the experiments. In
the circular cell, �=0.15 rad /s ��2.4 times the rotating
speed of experiments�. In the parallel cell, the two halves of
the cell move in opposite direction to one another at a rela-
tive speed of 0.02 m/s. While not exactly comparable, this is
similar to the relative speed of the two base parts at the split
for the simulation of the circular cell ��0.018 m /s�. A few
computational experiments performed at different shear
speeds lead us to believe that inertial effects are unimportant
and therefore that, aside from the rate of segregation, the
shear rates do not effect our results. For the circular cell, we
denote the velocity and components as u=ui�+vir+wiz, and
for the parallel cell, we denote them as u=uix+viy+wiz,
both according to the directions noted in Fig. 2.

A. Circular split-bottom cell

Figure 3 shows snapshots of segregation patterns at the
beginning �t=0 s� and end �t=400 s� of the computational
experiment in the circular split-bottom cell. Both a vertical
plane and several horizontal planes at different heights z are
shown. One can see that segregation patterns similar to the
experiments emerge, albeit over a significantly quicker time
frame. Large particles segregate to the top and away from the
bottom. Away from either surface, horizontal segregation
patterns emerge, where small particles accumulate at smaller
radii, and larger particles accumulate at larger radii. The
dashed lines indicate the centers of shear zone calculated
using Equation �1�. Similar to the experimental results, the
small particles become highly concentrated at smaller radii,
the larger particles become concentrated at larger radii, and a
mixed phase exists at the largest radii. Unlike the experi-
ments, the center of the shear zone Rc �dashed lines in the
figure� does not separate the zones of high and low concen-
trations of large particles, though the larger particles seem
most highly concentrated at r�Rc. This is somewhat differ-
ent than the experimental observations. The difference may
be related to the effect of the inner wall and is currently
under investigation.

To study the kinematics that drives this horizontal segre-
gation, we choose a horizontal slice between z=14 and 20

mm where the most striking horizontal segregation pattern
emerges. In Fig. 4, we plot some of the relevant kinematics
for the particles in that slice as a function of radial position
during the first 10 seconds �left column� and last 10 seconds
�right column� of the simulation.

Figure 4�a� shows the profiles of solid volume fraction f̄ i,
where the subscript i represents the particle type or phase:
small particles only �i=1�, large particles only �i=2�, and the
mixed phase �i=mix�. �Here and henceforth, q̄i represents a
temporal and spatial average of quantity q�. One can see
from these plots that the concentrations apparent by eye in
the snapshots in Fig. 3 are well represented by these plots. At

the beginning of simulation, f̄ i is constant across the cell

indicating a good mixture. At the end of the simulation, f̄1 is
high close to the inner wall indicating there is a high con-

centration of small particles in this region, and f̄2 is high in
the outer part shear zone indicating there is a high concen-
tration of large particles in the part of shear zone close to

FIG. 3. �Color online� Vertical and horizontal cross sections
from computational experiments using 2 mm �dark or blue online�
and 3 mm �light, or green online� particles in a circular cell. First
column: the beginning of the computational experiment when the
particles are well mixed at t=0 s. Second column: after t=400 s of
rotation of the base. �a� Vertical cross section at �=0. �b�–�e� Hori-
zontal cross sections at heights indicated. The dashed lines indicate
the theoretical centers of shear zone, as calculated by Eq. �1�. The
total filling height H is 30 mm with a glued layer of 2 mm glass
particles at the bottom.
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outer wall. There is a narrow mixed region immediately ad-
jacent to the outer wall. After the system has been rotated for
some time, there is a subtle dip in the average solids fraction

f̄mix, similar to that associated with the dilatancy reported in
Ref. �39�.

Figure 4�b� shows the profiles of the streamwise velocities
ūi showing, within the central shear zone, a similar curve to

that reported previously �28� centered around Rc�118 mm.
There is significant slip near the inner wall giving rise to an
additional shear gradient at the inside wall. Initial transients
decrease over the first 50 seconds as shown in the inset
where the maximum velocity of the mixture ūm is plotted as
a function of time. A comparison of the plots for ūi �Fig.
4�b�� and shear rate 	�̇i	= 	rd�ūi /r� /dr	 �Fig. 4�c�� with those

of f̄ i indicates that the region of a higher concentration of
large particles is centered around the highest shear rate,
though the widest region that has a consistently higher con-
centration of large particles is at higher radial positions r
�Rc.

Figures 4�d� and 4�e� show the profiles of the relative

fluxes in the radial and vertical directions: f̄ i�v̄i= f̄ i�v̄i

− v̄mix� and f̄ i�w̄i= f̄ i�w̄i− w̄mix�, respectively. The radial
fluxes are notably small and noisy for both small and large
particles at the beginning and end of the computational ex-
periment. This indicates there is little or no segregation flux
parallel to the shear gradient driving the horizontal segrega-

tion pattern. In contrast, the vertical segregation fluxes f̄ i�w̄i
are prominent and consistent. The flux of large particles is
upward relative to the mixture and the flux of the small par-
ticles is downward. The flux in a region near the inner wall
decreases significantly by the end of the experiment while
the flux in the region within the shear band decreases but not
as much by the end of the experiment.

Figure 4�f� shows the averaged profile of what one might
call the “kinematic granular temperature” Ti, essentially the
velocity variances of the system. Ti= �ui�

2+vi�
2+wi�

2� /3,
where qi� is the fluctuation of the quantity of interest q, i.e.,
qi�=qi− q̄. For all positions, the kinematic temperature of the
smaller particles is greater than that of the large, previously
explained for dense granular systems in Ref. �40�. The mag-

nitude of T̄i is largest near the inner wall where there is
significant slip shearing of the particles and in the center of
the shear zone.

To investigate the temporal evolution of the solids frac-
tion and fluxes for the whole simulation, we calculate these
quantities throughout the entire experiment and average them
in the radial direction �as well as the z and � directions� over
ten-second intervals. For quantity q we denote these averages
over intervals in time and all three spatial dimensions by 
q̄�.
For layers close to free surface �z=24–30 mm� and bottom
�z=2–8 mm� where there appears to be no horizontal seg-
regation structure, we average these quantities over the entire
layer, �from r=Ri to Ro�. To capture the horizontal segrega-
tion in the bulk, we divide the middle layer �z
=14–20 mm� into two parts according to the boundary be-
tween the two segregated shells of large and small particles,
indicated in Fig. 4�a� as r=r��105 mm. Then we calculate
two sets of averages in this layer, one from r=Ri to r�, and
the other from r=r� to Ro. Figure 5 shows the results of these

calculations for 
 f̄ i� �first column� 
 f̄1�v̄1�, and 
 f̄1�w̄1� �sec-
ond column�.

The first row shows the data averaged over the top 6 mm
of the particles. Figure 5�a� shows that, as expected from
observations, the concentration of large particles at the top
increases over the course of the experiment, and the concen-

FIG. 4. Kinematics from the computational experiments in the
circular cell pictured in Fig. 3. Results shown are from a horizontal
slice of the material between z=14 mm to 20 mm �approximately
halfway between the bottom and the top of the mixture�. The kine-
matics shown are averaged over the first and last ten seconds of the
computational experiment: t=0–10 s �first column�, t
=390–400 s �second column�. The data are averaged in the � and z

directions for each value of r. �a� Solid volume fraction f̄ i �b�
Streamwise velocity ūi. �c� Absolute value of shear rate of mixture
	�̇mix	= 	rd�ūmix /r� /dr	. �d� Relative flux of particles in the radial

direction f̄ i�v̄i. �e� Relative flux of particles in the vertical direction

f̄ i�w̄i. �f� Kinematic granular temperature T̄i.
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tration of small particles decreases. The plots of the fluxes of
the small particles in Fig. 5�b� show the small particles are
moving down relative to the mixture and that there is no net
relative horizontal flux in this layer.

The second row contains data from the inner part �Ri�r
�r�� of the horizontal slice in the middle of the cell �z
=14–20 mm�, where the concentration of small particles be-
comes relatively high �Fig. 4�a��. The concentration of small
particles in this region grows and saturates, and that of the
large particles decreases and saturates. Somewhat surpris-
ingly in light of the existence of a horizontal concentration
gradient, the horizontal flux remains essentially zero during
the entire simulation, while the vertical flux is nonzero ini-
tially and then decreases to zero �Fig. 5�d��. The third row
contains the data for the outer part �r��r�Ro� of the hori-
zontal slice in the middle of the cell �z=14–20 mm�, where
the concentration of small particles is relatively low. In this
region, too, the horizontal flux remains essentially zero,
while the vertical flux is nonzero and remains so even though
the segregation concentrations seem to stabilize.

The last row shows the data averaged over the bottom 6

mm of the cell. The plots of 
 f̄ i� show that, as expected from
observations, the concentration of small particles increases
and saturates over the course of the experiment, and the con-

centration of large particles decreases. The plots of 
 f̄1�v̄1�
and 
 f̄1�w̄1� show the small particles are moving down
slightly relative to the mixture, but only at the very begin-
ning of the experiment, and that there is a slightly positive
horizontal flux in this layer.

To summarize these results, both vertical and horizontal
segregation patterns are observed in the concentration pro-
files and in the evolution in the concentration over time.
There is a clear vertical �downward� flux of the smaller par-
ticles relative to the large until the particles are segregated
associated with the vertical segregation pattern. There ap-
pears to be two regions of vertical segregation at different
radii. One is likely influenced by the inner wall and quickly
decays early in the computational experiment �Fig. 5�d�� and
one that persists within the bulk over the entire course of the
experiment �Fig. 5�f��. In contrast, there is no clear radial
flux of one species relative to the other corresponding to the
horizontal concentration segregation pattern.

In lieu of a noticeable horizontal flux driving the horizon-
tal segregation pattern in the circular cell, a second possible
“driving force” for the horizontal segregation patterns be-
comes clear when we plot the velocity vectors in a vertical
plane as in Fig. 6. In these plots, we can see a stable vertical
convection roll exists in the system. This convective roll per-

FIG. 5. �Color online� Temporal evolution of the averaged solids
fraction and the segregation fluxes at different heights z. The first

column shows the averaged solid fraction 
 f̄ i�. The second column

shows averaged vertical 
 f̄1�w̄1� and radial 
 f̄1�v̄1� segregation
fluxes for the 2 mm particles. For the top and bottom 6 mm �shown
in the first and last row, respectively�, the results are averaged over
the entire layer. For the middle layer, we plot the results averaged
over the smaller radii �r1 ,r2�= �Ri ,r

�� in Figs. 5�c� and 5�d� and the
results averaged over the larger radii �r1 ,r2�= �r� ,Ro� in Figs. 5�e�
and 5�f�. r�=105 mm.

FIG. 6. �Color online� Velocity vectors in a vertical plane per-
pendicular to the streamwise direction, averaged in the stream-wise
direction between t=10 s and 30 s. The first column shows the
velocity field of the circular split-bottom geometry, and the second
column shows the velocity field of the parallel split-bottom geom-
etry. �a� Results for the mixture. �b� Results for the 2 mm particles.
�c� Results for the 3 mm particles.
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sists during the entire duration of the simulation for both
mixtures and monosized systems �not shown�. The convec-
tive roll carries all particles upward at the inner wall, out-
ward at the top surface, downward at the outer part of the
shear band, and inward at the bottom of the cell. The dotted
lines superposed on the figures show that Rc �calculated us-
ing Eq. �1�� cuts nearly through the middle of the convection
roll. We believe this convection roll superposed with the
relative vertical flux of the particles is responsible for the
horizontal segregation pattern.

The process we believe leads to the horizontal segregation
pattern is as follows. Wherever large and small particles co-
exist in the bulk, the large particles rise and the small par-
ticles sink. The net rotation of the system causes the large
particles segregated at the top to be advected downward
along the outside edge of the cell and the small particles
segregated at the bottom to be advected upward along the
inside edge of the cell. In this way, the large and small par-
ticles appear horizontally segregated in the bulk. Particles in
these neighboring disparate regions then mix horizontally
due to ordinary diffusion in the shear band. In the steady
state, this keeps a mixed region in the middle leading to a
vertical segregation flux in the shear zone that persists over
the duration the experiment �as in Fig. 5�f��.

We believe the convection roll is driven by the circular
motion of the particles in the circular cell. This is supported
by our results from the parallel cell, as we discuss in the next
section.

B. Parallel split-bottom cell

We plot the velocity vectors for the parallel split-bottom
cell in the second column of Fig. 6. In contrast to the results
from the computational experiments in the circular split-
bottom cell, we do not see a vertical global convection roll in
the parallel cell. This is independent of the time over which
the results are averaged �for the results shown in Fig. 6, the
results were averaged over 20 s�. While some local convec-
tion is apparent over short periods as observed in monosized
systems by Ries et al. �38�, we do not find any long-lasting
velocity or vorticity trends in this system. This supports the
conjecture that the convection roll observed in the circular
cell is due to the curvature and rotation effects. Without the
convection roll we can better investigate the effects of the
shear gradient.

Figure 7 contains snapshots of segregation patterns at the
beginning �t=0 s�, middle �t=60 s�, and end �t=200 s� of
the computational experiment in the parallel cell. Results
from a vertical plane and several horizontal planes at differ-
ent heights z are shown at each of these time steps. As in the
circular cell, vertical segregation occurs quickly, where large
particles accumulate close to the free surface and small par-
ticles accumulate close to the bottom. Additionally, a slow
horizontal segregation pattern can be also observed in the
bulk. At t=60 s, at approximately 2 /3H large particles begin
to accumulate in the center of shear zone, while small par-
ticles accumulate at edges of shear zone. The horizontal seg-
regation patterns become more clear by t=200 s. Similar to
the results in the circular cell, the vertical thickness of the

region where horizontal segregation emerges is thin.
In order to investigate this horizontal segregation pattern

more quantitatively, we process data within a horizontal slice

at z=13.5–17.5 mm. In Fig. 8 we plot the profiles of f̄ i, ūi,

f̄ i�v̄i, and f̄ i�w̄i, as a function of y for this slice using same
method as described for the circular cell.

The plots for f̄ i �Fig. 8�a�� show that the well-mixed sys-
tem of particles at t=0 s evolves to one quite segregated in
the horizontal direction by t=200 s. Again, the region high
concentration of large particles is centered on the point of
highest shear rate, while small particles are concentrated at
the outer edges of the shear zone. The plots for the azimuthal
velocities ūi �Fig. 8�b�� again shows the characteristic error
function seen in these systems, essentially the same for all
particles and at all times. In this case, the highest shear rate is
in the center of the cell �Fig. 8�c��. In contrast with those for

the circular cell, the plots for f̄ i�v̄i �Fig. 8�d�� show a subtle
trend of horizontal flux of the large particles into the shear
zone at the beginning of the experiment which decays by t

=200 s. The plots for f̄ i�w̄i �Fig. 8�e�� show a more dra-
matic segregation effect in the vertical direction, approxi-
mately twice the flux in the horizontal direction. This, too,

dies down significantly after 200s. T̄i �Fig. 8�f�� is biggest
where the shear rate is the greatest as in the circular cell,
though in this case there is very little slip at the walls, so the

T̄i is significant only in the central shear zone.
To investigate the evolution of the kinematics over time,

as for the circular cell, we plot the averaged solid fraction
and relative fluxes as a function of time for the parallel cell
as we did for the circular cell. For the horizontal flux we take
advantage of the symmetry in the problem and calculate the

FIG. 7. �Color online� Front and top views from computational
experiments in the parallel cell with 2 mm �dark or blue online� and
3 mm �light or green online� particles at the beginning of the com-
putational experiment when the particles are well mixed at t=0 s
�first column� after t=60 s �second column� and after t=200 s
�third column�. �a� Vertical cross section at x=0. �b�–�e� Horizontal
cross sections at heights indicated. The total filling height H is 30
mm, with a glued layer of 1.5 mm glass particles at the bottom.
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difference between the flux on the left of the cell and that on

the right side of the cell: 
 f̄1�v̄1�= 
 f̄1�v̄1�y�0− 
 f̄1�v̄1�y�0.

By this definition, a positive value of 
 f̄1�v̄1� indicates the
small particles are moving to the region of highest shear in
the center of shear zone. We calculate these quantities for the
central 40 mm of our cell and plot them in Fig. 9. The first
row shows the data averaged over the top 4 mm of the sys-
tem of particles; the second row shows the data averaged

over the middle 4 mm, and the third row shows the data
averaged measured the bottom 4 mm, just above the particles
fixed to the base.

The plots of 
 f̄ i� show that, as expected from observa-
tions, the concentration of large particles increase near the
top of the cell over the course of the experiment, and the
concentration of small particles increase near the bottom.

The plots of the vertical fluxes of the small particles 
 f̄1�w̄1�

FIG. 8. Kinematics from the computational experiments in the parallel cell pictured in Fig. 7. Results shown are for a horizontal slice of
the material between z=13.5 mm to 17.5 mm �approximately halfway between the bottom and the top of the system� and averaged in the
x and z directions for each value of y. The kinematics are averaged over ten seconds at three different times during the simulation: t

=0–10 s �first column�, t=50–60 s �second column�, t=190–200 s �third column�. �a� Solid volume fraction f̄ i. �b� Streamwise velocity

ūi. �c� Absolute value of shear rate of mixture 	�̇mix	= 	dūmix /dy	. �d� Relative flux of particles in the horizontal direction f̄ i�v̄i. �e� Relative

flux of particles in the vertical direction f̄ i�w̄i. �f� Kinematic granular temperature T̄i.
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show the small particles are moving down relative to the
mixture throughout the system. This trend is short-lived at
the top �which quickly becomes depleted of small particles�
and at the bottom �which quickly becomes depleted of large
particles�. The trend is longer lasting in the middle until the
remainder of the small particles move from top to bottom,
and the remainder of the large particle move from bottom to

top. The horizontal fluxes 
 f̄1�v̄1� are an order of magnitude
smaller than the vertical fluxes, yet there is a consistent
trend. Throughout the bulk, until segregation is complete,


 f̄1�v̄1��0, indicating the flux of the small particles is on
average away from the region of high shear. At the very top
surface the trend appears to be slightly reversed, possibly due
to the lower solids fraction in this region.

While there is no component of gravity in this horizontal
direction, there are a number of other possible driving forces
that could give rise to this segregation flux including gradi-
ents in the shear rate, the granular temperature, and the solids
fractions, and associated pressure gradients. Kinetic theory
has the capacity to account the effects of all of these. In the
next section we compare predictions from the adaptations of
kinetic theory closest to those of our system �e.g., particles
are allowed to be dissipative� for insights into this shear-
associated segregation.

IV. KINETIC THEORY AND SHEAR-INDUCED
SEGREGATION

To compare our results with those predicted by kinetic
theory, we use the model derived from kinetic theory de-

scribed in Ref. �17�, which allows the particles to be slightly
dissipative and allows for the nonequipartition of tempera-
ture between the species. We include the effect of nonequi-
partition of temperature �e.g., Refs. �16,40–42�� according to
expressions in �17� �similar to those in Ref. �16��.

We consider the horizontal plane section in the vertical
center of the split cell, away from the effects of the boundary,
and average the details in the z-direction from z
=13.5 mm–17.5 mm and across the entire cell in the x di-
rection over the first 10 s of the experiment �as in the first
column in Fig. 8�. The granular temperature used here is
what might be considered a dynamic granular temperature
compared with the temperature plotted in Figs. 4 and 8:
TDi=miTi. We plot TDi for both species across the middle
horizontal section of the parallel cell in Fig. 10�a�. The larger
particles have a greater dynamic granular temperature than
the smaller particles for all positions in the cell, and for both
types of particles the granular temperature is largest in the
middle of the cell, consistent with Ref. �40�. The dynamic
granular pressure for each species Pi �43� accounting for the
nonequipartition of granular temperature is calculated by Pi
=ni�TDi+�TDi�+�k=1

2 Kik�TDi+ �mi�TDk+mk�TDi� / �mi+mk��:
where ni is the local number density of species i, mi is the
mass of species i, and �TDi is the difference between the
local temperature of species i and that of the mixture �TDi
=TDi−TDmix. Kik is a coefficient concerning the local fre-
quency of interaction between species i and k defined by
Kik= �	 /3�gikrik

3 nink�1+e�, where gik is the radial distribution
function between contacting pairs �approximated according
to details in Ref. �44��, and e is the coefficient of restitution,
which we take here to be e=0.9 as in our simulations. The
pressure for each species Pi is plotted in Fig. 10�b�. It is quite
similar for both species and, like the granular temperature,
peaks at the center of the shear band.

FIG. 9. �Color online� Temporal evolution of the averaged solids
fraction and the segregation fluxes at different heights z. The first

column shows the averaged solid fraction 
 f̄ i�. The second column

shows averaged vertical 
 f̄1�w̄1� and transverse 
 f̄1�v̄1� segregation

fluxes for the 2 mm particles. 
 f̄ i� and 
 f̄1�w̄1� are averaged over the

entire layer. 
 f̄1�v̄1�= 
 f̄1�v̄1�y�0− 
 f̄1�v̄1�y�0.

FIG. 10. �Color online� Results from the middle horizontal slice
�z=13.5–17.5 mm� of the parallel split-bottom cell averaged over
t=0–10 s. The data shown here are analyzed in the context of
kinetic theory considering the nonequipartition temperature of the
particles. �a� The dynamic granular temperature for each component
TDi=miTi. �b� The dynamic granular pressure for each component.
�c� Predicted diffusion velocity between small and large particles
according to predictions from kinetic theory, detailed in the Appen-
dix. �d� Actual diffusion velocity difference calculated from the
DEM simulation results.
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From considerations associated with momentum conser-
vation, a prediction for the relative segregation velocities of
the two components v1−v2 may be derived as a function of
the dynamic temperatures, dynamic pressures, and ordinary
diffusion of the components �see the Appendix�. The results
for our computational split-bottom cell are plotted in Fig.
10�c�. For y�0, v1−v2�0, and for y�0, v1−v2�0, which
indicates that the small particles will move to center of shear
zone relative to the large particles. The actual difference in
measured segregation velocities is plotted in Fig. 10�d�. The
measured segregation velocity difference is smaller �by ap-
proximately two orders of magnitude� and in the opposite
direction compared with that predicted by kinetic theory. In
other words, the theory predicts that large particles segregate
to the region of lowest dynamic temperature and pressure.
For our system large particles actually segregate to the re-
gion of higher dynamic temperature and pressure. While
there are slightly different formulations predicting segrega-
tion in the framework of kinetic theory, those that include
effects associated with slightly dissipative particles and that
allow for different species temperatures �e.g., �16,17�� lead to
the same results.

Our conclusions from this are twofold. First, we find the
differences between the predictions from kinetic theory and
our computational results indicative of the importance of the
nature of the bulk dynamics in determining the form of seg-
regation. The framework of kinetic theory most readily avail-
able is based on assumptions that the particle interactions are
binary and near-instantaneous, whereas in our system par-
ticle contacts are multiple and enduring. It is, therefore, not
surprising that different segregation effects arise from these
different system dynamics; our results point to the impor-
tance of these interactions in determining the segregation
details. In other words, rather than indicate that there is some
failing in kinetic theory, our results indicate that in fact there
is a significance in what might be considered these different
“phases” of sheared granular systems that affects the nature
of the shear-driven segregation.

Our second set of conclusions from this analysis regards
some assumptions within the framework of kinetic theory
closest to dense sheared granular flow. One modification that
may improve the predictions of kinetic theory for denser
sheared systems like the split-bottom cells could involve the
radial distribution function. Its current form is based on a
system where binary collisions dominate the interparticle in-
teractions. As we have discussed, this is not the case for our
mixtures sheared in split-bottom cells where inertial effects
appear negligible. Perhaps if the radial distribution function
were modified to account for effects associated with systems
such as these, kinetic theory would better reproduce the seg-
regation dynamics in denser flows such as those we study in
the split-bottom cell.

V. CONCLUSIONS

In summary, we use a split-bottom cell to study segrega-
tion experimentally and computationally, with an emphasis
on determining the origin of horizontal segregation patterns
apparently associated with a horizontal shear gradient in

these systems. In both the physical and computational ex-
periments we observe both horizontal and vertical segrega-
tion patterns. In both the circular and parallel split-bottom
simulated cells, vertical fluxes of large particles upward and
small particles downward lead to vertical segregation pat-
terns at the top and bottom of the cells. However, it appears
the underlying driving mechanism for the horizontal segre-
gation pattern is different for the two types of cells. In the
circular cell, while there may be the tendency for small hori-
zontal segregation fluxes, the effects are suppressed by the
more prominent dynamics associated with the convection
roll causing all particles to rise in the middle at smaller radii
and to sink on the outside at larger radii. These have the
effect of rotating a vertical segregation pattern �that is likely
driven by gravity� outward leading to a net horizontal segre-
gation pattern. These observations suggest what appears to
be some contradictory results for shear-induced segregation
in dense flows may in fact be due to a combination of other
segregation effects and particle advection. In the parallel
split-bottom cell, no global convection roll is observed. In
this case, a small horizontal flux is apparent of small par-
ticles away from the highest shear rate and highest granular
temperature, and large particles tend to move inward.

We use expressions derived within the framework of ki-
netic theory to determine whether or not the horizontal seg-
regation velocities observed in the parallel cell are associated
with pressure and temperature gradients derived from the
measured kinematics. We find the theoretically predicted
segregation velocities to be much larger and in the opposite
direction to those measured in the simulations. We believe
these differences are associated with the nature of the inter-
particle collisions and their influence on segregation trends.
Granular mixtures whose dynamics are dominated by near-
instantaneous binary collisions appear to segregate differ-
ently than those whose dynamics are dominated by multiple
enduring contacts with their neighbors. On the other hand,
this form of kinetic theory may be applicable to horizontal
segregation at the very top of these split-bottom systems
where the particles are more sparse, and interparticle colli-
sions may be more important in the dynamics. Indeed, the
results from the top of our computational experiments in the
parallel cell indicate the segregation fluxes in this region are
opposite to those observed in the bulk �Fig. 9�b��. Additional
experiments where a higher degree of precision is attained
would be helpful in determining whether or not this is the
case.

Alternatively, recent theory proposed by Sarkar and Kha-
khar �45� shows promise in an alternate model for segrega-
tion arising from shear gradients in dense granular flows.
They demonstrated that an effective temperature derived
from the fluctuation-dissipation relation could be used to pre-
dict segregation fluxes for binary mixtures differing in mate-
rial density in a rotating drum. This effective temperature is a
function of local viscosity and diffusivity both functions of
local shear rate. While the current version of the model only
has the capacity to consider particle density differences �not
size differences� in a mixture, the framework shows promise
for eventually predicting size segregation associated with
shear rate gradients as well.
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APPENDIX: CALCULATIONS RELATED TO KINETIC
THEORY SEGREGATION PREDICTIONS

As in Refs. �9,12,16� we consider the predictions from
kinetic theory in the form of the following equation:

v1 − v2 = −
n2

n1n2
D12�d1� . �A1�

In this expression, the subscripts 1 and 2 refer to the small
and large species, respectively. v1−v2 represents the diffu-
sion velocity of the small particles relative to that of the large
particles – for these results in the positive y direction �see
Fig. 2�b��. The total local number density n=n1+n2. D12 is
the local coefficient of ordinary diffusion defined by

D12 =
n1n2

n

r1 + r2

K12
	�m1 + m2�T

32m1m2
�1/2

. �A2�

Finally, d1 �sometimes called a “diffusion force” �13�� repre-
sents competing segregation and mixing factors leading to
the difference in diffusion velocities between the two types
of particles: v1−v2. Similar to Ref. �16� we express in terms
of three components,

d1 = dP12 + dT12 + dn12, �A3�

where the segregation and mixing factors related to granular
pressure, temperature, and ordinary diffusion are represented
by dP12, dT12, and dn12, respectively. Specifically

dP12 =

P2

P1
� P1 − �P2

nTP2

P1
+ 1� , �A4a�

dT12 = −
K12

nT

m2 − m1

m2 + m1
� T , �A4b�

dn12 = −
K12

n
��n1

n1
−

�n2

n2
� . �A4c�

In each case �q refers to the gradient of q, the physical
quantity of interest �P ,T and n�. Positive values of each rep-
resent interactions leading to a net motion of the small par-
ticles in the negative y-direction. Each of Eqs. �A4a� and
�A4c� are derived according to the theory in �17�. The form
is similar but not exactly identical to the theoretical results in
�16�. The predictions for diffusion forces in our system sum-
marized by Figs. 11�a� and 11�b� and segregation velocities
�Fig. 10�c�� are essentially the same.

Each of the segregation/mixing forces are plotted in Fig.
11�a�. While dP12 and dn12 are somewhat noisy and do not
exhibit a clear trend, dT12 exhibits a clear trend, negative on
the left side of the shear band, and positive on the right side
of the shear band. The sum of these d1 is plotted in Fig.
11�b�. Like dT12, for y�0, d1�0 and for y�0, d1�0 indi-
cating that the small particles are forced into the center of the
shear band. As we discuss in Sec. IV, this is opposite to our
computational results, suggesting a clear dependence of the
segregation trend on the nature of the particle-particle inter-
actions.
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